Evolutions of spinning bodies moving in rotating black hole spacetimes by Keresztes, Zoltán & Mikóczi, Balázs
ar
X
iv
:1
90
7.
00
97
4v
1 
 [g
r-q
c] 
 1 
Ju
l 2
01
9
Evolutions of spinning bodies moving in rotating black hole spacetimes
Zoltán Keresztes1,† and Balázs Mikóczi2,‡
1 Department of Theoretical Physics, University of Szeged, Tisza Lajos krt. 84-86, Szeged 6720, Hungary
2 Research Institute for Particle and Nuclear Physics,
Wigner RCP H-1525 Budapest 114, P.O. Box 49, Hungary
†E-mail: zkeresztes@titan.physx.u-szeged.hu ‡E-mail: mikoczi.balazs@wigner.mta.hu
The evolutions of spinning test bodies are investigated in rotating (Kerr, Bardeen-like and
Hayward-like) black hole spacetimes. Spin vector precessional equations are derived in both comov-
ing and zero 3-momentum frames from the Mathisson-Papapetrou-Dixon (MPD) equations using
either the Frenkel-Mathisson-Pirani or the Tulczyjew-Dixon spin supplementary condition. The
comoving and the zero 3-momentum frames are set up from either the static or the zero angular mo-
mentum observer frame by instantaneous Lorentz-boosts. However when the body passes over the
ergosphere only the boosted zero angular momentum frame can be used for description of the spin
dynamics during the whole evolution. Far from the black hole the difference between the boosted
static and zero angular momentum frames is unsignificant. Numerical applications are presented for
spinning bodies moving along spherical-like, zoom-whirl (thus their existence is confirmed based on
the MDP equations) and unbound orbits. The spin evolutions are presented in the boosted static
and zero angular momentum observer frames and they are compared, obtaining only differences in
the near black hole region. We have found the spin magnitude influences on the orbit evolution,
and the spin precessional angular velocity is highly increased near and inside the ergosphere.
I. INTRODUCTION
Both the orbital and the spin dynamics of compact bi-
nary systems have a renewed interest. All observed grav-
itational waves originated from compact binary systems
composed of black holes or neutron stars ([1–8]). In two
cases the spin of the merging black holes was identified
with high significance [2, 8, 9]. In addition in a binary
system the dominant supermassive black hole spin pre-
cession was identified from VLBI radio data spanning
over 18 years [10].
In the post-Newtonian (PN) approximation the lowest
order spin contributions to the dynamics comes from the
spin-orbit, spin-spin and quadrupole-monopole interac-
tions [11–14]. The spin effects on the orbit leaded to set
up generalized Kepler equations [15–18]. The analytical
description of the secular spin dynamics for black holes is
given in Refs. [19] and [20]. Based on the PN description
several interesting spin related behaviours were identified
in compact binary systems, like transitional precession
[21], equilibrium configurations [22], spin-flip [23], spin
flip-flop [24] and wide precession [25].
The Mathisson-Papapetrou-Dixon (MPD) equations
[26–30] describe the dynamics of binaries with signif-
icantly different masses more accurately than the PN
approximation in the strong gravitational field regime
where the PN parameter is not small. The black hole
binary systems with small mass ratio are among the
most promising sources for gravitational waves in the
frequency sensitivity range of the planned LISA - Laser
Interferometer Space Antenna [31, 32]. In addition near
the central supermassive black holes in the galaxies many
stellar black holes are expected to exist [33–35].
The MPD equations are not closed, a spin supplemen-
tary condition1 (SSC) is necessary to choose [28, 37–44]
which defines the point at which the four-momentum and
the spin are evaluated. A non-spinning body follows a
geodesic trajectory while a spinning one does not [45, 46].
Spinning bodies governed by the MPD equations were al-
ready studied on Kerr background. Circular orbits in the
equatorial plane can be unstable not only in the radial
direction but also in the perpendicular direction to the
equatorial plane due to the spin [47]. The spin-curvature
effect strengthens with spin and with non-homogeneity
of the background field [46]. The MPD equations ad-
mit many chaotic solutions, however these do not occur
in the case of extreme mass ratio binary black hole sys-
tems [48–50]. Analytic studies on the deviation of the
orbits from geodesics due to the presence of a small spin
are presented in Refs. [51–53]. Highly relativistic cir-
cular orbits in the equatorial plane occur in much wider
space region for a spinning body than for a non-spinning
one [54]. Spin-flip-effects may occur when the magnetic
type components of quadrupole tensor are non-negligible
[55]. Corrections due to the electric type components of
quadrupole tensor to the location of innermost stable cir-
cular orbit in the equatorial plane and to the associated
motion’s frequency were determined in Ref. [56]. An ex-
act expression for the periastron shift of a spinning test
body moving in the equatorial plane is derived [57]. The
influences of the affine parameter choice on the constants
of motion in different SSC were also considered [58]. Fre-
quency domain analysis of motion and spin precession
was presented in Ref. [59].
Considering geodesic trajectories, the periastron ad-
1 Both the PN dynamics with spin-orbit coupling and the gravita-
tional multipole moments depend on the SSC [13, 36].
2vance can become such significant in the strong gravita-
tional field regime that the test particle follows a zoom-
whirl orbit [60–62]. For non-spinning particles the topol-
ogy of these orbits was encoded by a rational number
[63, 64]. Numerical relativity confirmed the existence of
zoom-whirl orbits [65–70], and they also occur in the 3
PN dynamics with spin-orbit interaction [71, 72]. Here
we will present zoom-whirl orbits occurring in the MPD
dynamics for the first time. In addition these orbits pass
over the ergosphere where the PN approximation fails.2
Hyperbolic orbits of spinning bodies were analytically
studied in both the PN [73] and the MPD [74] dynamics.
Analytic computations in Ref. [74] were carried out for
small spin magnitudes when the spin is parallel to the
central black hole rotation axis and the body moves in
the equatorial plane. In this configuration both the spin
magnitude and direction are conserved, but they have
non-negligible influences on the orbit. In our numerical
consideration the spin is not parallel to the black hole
rotation axis. As consequences, the body’s orbit is not
confined to the equatorial plane and the spin direction
evolves. In addition the closest approach distance is in-
side the ergosphere where the PN approximation cannot
be used.
Our investigations are not only applied in the Kerr
spacetime but also in regular black hole backgrounds.
The first spacetime containing a nonrotating regular
black hole was suggested by Bardeen [75]. This metric
was interpreted as the spacetime surrounding a magnetic
monopole occurring in a nonlinear electrodynamics [76].
Another nonrotating regular black hole was introduced
by Hayward [77] having similar interpretation [78]. The
spacetime family containing the Bardeen and Hayward
cases was generalized for rotating black holes [79] which
we will use here3.
In this paper we investigate the orbit and spin evo-
lutions of bodies moving in Kerr, Bardeen-like and
Hayward-like spacetimes and governed by the MPD
equations with Frenkel-Mathisson-Pirani (FMP) and
Tulczyjew-Dixon (TD) SSCs. When the covariant deriva-
tives of the spin tensor and the four-momentum along the
integral curve of the centroid determined by the SSC are
small, this system reduces to a geodesic equation with
parallel transported spin discussed in Ref. [83]. In this
sense the present article can be considered as the gener-
alization of Ref. [83] with non-negligible spin-curvature
corrections causing that the centroid orbit is non-geodesic
and the spin is not parallel transported. As Bini, Ger-
2 At the ergosphere the value of the PN expansion parameter is
typically about 1/2.
3 There are discussions (see Refs. [80–82]) on that the rotating
regular black hole spacetimes given in Ref. [79] are not exact
solutions of the field equations. However the spacetime family
given analytically differs only perturbatively from the exact so-
lution [82], therefore it is suitable for consideration of spinning
bodies evolutions.
alico and Jantzen pointed out the spin dynamics can be
described suitably in the comoving Cartesian-like frame
obtained by boosting the Cartesian-like frame associated
to the family of static observers (SOs). This is because
SOs do not move with respect to the distant stars. Thus
the Cartesian-like axes locked to SOs define good refer-
ence directions to which the variation of the spin vector
can be compared. Here we derive the spin evolution equa-
tion in the comoving Cartesian-like frame based on the
MPD system. However SO does not exist inside the er-
gosphere of the rotating black hole and thus its frame
cannot be used for description of the dynamics when the
spinning body passes over this region. Therefore the spin
dynamics in a Cartesian-like frame obtained by an instan-
taneous Lorentz-boost from the frame associated to the
zero angular momentum observer (ZAMO) is also pre-
sented, which can be used inside the ergosphere. The
boosted SO and ZAMO frames relate to each other by
a spatial rotation outside the ergosphere. The rotation
angle between these boosted frames is unsignificant far
from the rotating black hole.
In Section II the MPD equations, the spin supple-
mentary conditions, the rotating (Kerr, Bardeen-like and
Hayward-like) black hole spacetimes and the frames as-
sociated with the families of SOs and ZAMOs are in-
troduced. In Section III the representations of spin and
orbit evolutions are given. For this purpose we introduce
two frames by instantaneous Lorentz boosts of SO and
ZAMO frames, which comoves with an observer having
an arbitrary four velocity U . The relation between the
boosted frames is discussed (additional expressions are
given in Appendix B). In the case of FMP SSC, U agrees
with the four velocity of the moving body’s centroid.
When using TD SSC U means either the centroid or the
zero 3-momentum observer four velocity. The spin evo-
lution equations are derived in these U -frames. First the
spin precession is described with respect to the boosted
spherical coordinate triad associated with either the SOs
or ZAMOs. Then we introduce Cartesian-like triads in
the rest spaces of SOs and ZAMOs. The spin precession
with respect to the corresponding boosted Cartesian-like
frames is also derived. The relations between the spin
angular velocities in the boosted SO and ZAMO frames
are discussed. In addition for characterizing the orienta-
tion of the instantaneous plane of the motion a kinemat-
ical quantity is introduced. In Section IV we apply the
derived spin equations for numeric investigations when
the body moves along spherical-like, zoom-whirl and un-
bound orbits. Section V contains the concluding remarks.
We use the signature − + ++, and units where c =
G = 1, with speed of light c and gravitational constant
G. The bold small Greek indices take values 1, 2 and
3, while the bold capital and the small Latin indices 0,
1, 2 and 3. In addition, the following small bold Latin
indices i, j, k, m take values from {x,y, z}. Finally, the
bold indices are frame indices, while the non-bold indices
are spacetime coordinate indices.
3II. EQUATIONS OF MOTION FOR SPINNING
BODIES IN ROTATING BLACK HOLE
SPACETIMES
A. MPD equations and SSCs
In the pole-dipole approximation the motion of an ex-
tended spinning body in curved spacetime is governed by
the Mathisson-Papapetrou-Dixon (MPD) equations [26–
30] which read as
Dpa
dτ
≡ uc∇cpa = F a , (1)
DSab
dτ
≡ uc∇cSab = paub − uapb , (2)
with
F a = −1
2
Rabcdu
bScd . (3)
Here ∇c is the covariant derivative, pa and Sab are the
four-momentum and the spin tensor of the moving body,
respectively, and Rabcd is the Riemann tensor. Finally
ua = dxa/dτ is the four-velocity of the representative
point for the extended body at spacetime coordinate
xa (τ) with an affine parameter τ .
Choosing the affine parameter τ as the proper time:
uaua = −1, Eq. (2) can be written as
pa = mua − ubDS
ab
dτ
, (4)
where m = −uapa is the mass in the rest frame of the
observer moving with velocity ua. Equation (4) shows
that the momentum pa and the kinematic four velocity
ua are not proportional to each other for a spinning body
in general.
In order to close the MPD equations an SSC is
necessary to choose which defines the representative
point of the extended body. There are some pro-
posed SSC, namely the Frenkel-Mathisson-Pirani [26, 37,
38], the Newton-Wigner-Pryce, [40, 41] the Corinaldesi-
Papapetrou, [27, 39] and the Tulczyjew-Dixon [28, 42]. In
the following we will apply the Frenkel-Mathisson-Pirani
and the Tulczyjew-Dixon SSCs. The representative point
of the extended body is referred as the center of mass or
the centroid.
We note that if the covariant derivatives of the spin
tensor and the four-momentum along the integral curve
of ua are small, i.e. the right hand sides of Eqs. (1) and
(2) are negligible, pa becomes proportional to ua which
satisfies the geodesic equation because m is a constant.
Then introducing a spin four-vector perpendicular to ua
(see Eq. (2.5) of Ref. [84]), it will be parallel transported
along the trajectory. The geodesic equations with paral-
lel transported spin vector was investigated in Ref. [83].
1. Equations of motion with Frenkel-Mathisson-Pirani SSC
The FMP SSC imposes
uaS
ab = 0 . (5)
This SSC yields two constants of motion (see Ref. [46])
since
D
dτ
(
SabS
ab
)
= 0 ,
dm
dτ
= 0 . (6)
This SSC reduces the independent components of the
spin tensor to three, therefore it is worth to introduce a
spin vector being perpendicular to ua as
sa = −1
2
ηabcdubScd , (7)
with 4-dimensional Levi-Civita tensor ηabcd which is to-
tally antisymmetric and η0123 =
√−g, where g is the
determinant of the metric. The inverse expression of (7)
is
Sab = ηabcdu
csd . (8)
The magnitude of sa is a constant of motion since
sas
a =
1
2
ScdS
cd . (9)
The relation (4) can be written as
pa = mua + Sabab , (10)
with acceleration aa ≡ Dua/dτ . Now taking into account
saS
ab = 0, we find that sap
a = 0.
The covariant derivative of sa along the worldline of
the centre of mass is
Dsa
dτ
= uaabs
b . (11)
This tells us that the spin vector is Fermi-Walker trans-
ported along the worldline of the centroid which makes
the FMP SSC preferred from mathematical point of view
[85–87]. For negligible acceleration aa, the centroid fol-
lows a geodesic curve along which sa is parallel trans-
ported.
In addition the FMP SSC together with the MPD
equations yields a unique formula for the derivative of
ub along the worldline of the centroid [44] as
aa =
1
scsc
(
sbFb
m
sa − pbSab
)
. (12)
This and Eq. (10) result in the following velocity-
momentum relation realized recently in Ref. [88]:
mua = pa +
2SabSbcp
c
SdeSde
. (13)
4Thus the initial data set
{
xa, pa, Sab
} |τin provides a
unique solution of the MPD equation with FMP SSC.
Taking the derivative of (13) and using the FMP SSC we
find (12). However we must mention that (13) does not
automatically ensure that uaS
ab = 0 for arbitrary pa and
Sab. In order to ensure this, we have a constraint between
the four momentum and the spin tensor emerging from
the contraction of Eq. (13) with Sab.
In addition the data set
{
xa, pa, Sab
} |τin cannot be
inverted for the set
{
xa,m, ua, Sab
} |τin due to Eq. (10).
One needs the data set
{
xa,m, ua, Sab, aa
} |τin to fix the
trajectory. For a set
{
xa,m, ua, Sab
} |τin we can obtain
a non-helical and infinite number of helical trajectories
for different aa. In principle all worldlines where the
conditions uau
a = −1, uaSa = 0 and paSa = 0 are
satisfied can be used for representation of the moving
body [86].
2. Equations of motion with Tulczyjew-Dixon SSC
The TD SSC imposes
paS
ab = 0 . (14)
This SSC also yields two constants of motion (see Ref.
[46]):
D
dτ
(
SabS
ab
)
= 0 ,
dM
dτ
= 0 , (15)
where M =
√−papa is the dynamical mass. In addition
the TD SSC together with the MPD equations results in
the following velocity-momentum relation [46, 89, 90]:
ub =
m
M2
(
pb +
2SbaRaecdp
eScd
4M2 +RaecdSaeScd
)
. (16)
Then the normalization ubub = −1 gives a relation m2 =
m2
(
pa, Sbc
)
. The inverse relation of (16) was obtained
in Ref. [88]:
pa =
M2
m
(
ua − 1
2M2
Rbcdeu
cSdeSab
)
, (17)
with
M2 = m2 − 1
2
SabuaRbcdeu
cSde . (18)
Thus both
{
xa, pa, Sab
} |τin and {xa,m, ua, Sab} |τin ini-
tial data sets provide a unique solution of the MPD equa-
tions with TD SSC.
The spin vector which is perpendicular to pa is intro-
duced as
Sa = − 1
2M
ηabcdpbScd , (19)
with inverse relation
Sab =
1
M
ηab cdp
cSd . (20)
The magnitude of this spin vector is a constant of motion,
because
SaS
a =
1
2
ScdS
cd . (21)
Since
SaS
ab = 0 = Sap
a , (22)
the contraction of Eq. (16) with Sb results in Sbu
b = 0.
Finally, the covariant derivative of Sa along the worldline
of the centroid is
DSa
dτ
=
SbFb
M2
pa . (23)
If F a is negligible, Sa is parallel transported along the
worldline of the centroid. In addition then the centroid
moves along a geodesic curve which can be shown from
the MPD equations together with (4) and (23).
B. Rotating black hole spacetimes
The line element squared describing the considered ro-
tating black hole spacetimes in Boyer-Lindquist coordi-
nates reads as [79, 91]
ds2 = −∆− a
2 sin2 θ
Σ
dt2 − 2aB sin
2 θ
Σ
dtdφ
+
Σ
∆
dr2 +Σdθ2 +
A
Σ
sin2 θdφ2 , (24)
with
Σ = r2 + a2 cos2 θ , ∆ = r2 + a2 − 2 [µ+ α (r)] r ,
B = r2 + a2 −∆ , A = (r2 + a2)2 −∆a2 sin2 θ . (25)
In the Kerr spacetime α (r) vanishes and µ and a de-
note the mass and rotation parameters, respectively. The
function α (r) occurs when a non-linear electromagnetic
field is present. It is given by
α (r) =
µemr
γ
(rν + qνm)
γ/ν
, (26)
where
µem =
q3m
σ
(27)
is the electromagnetically induced ADM mass. Here
σ controls the strenght of nonlinear electrodynamic field
and carries the dimension of length squared, qm is related
to the magnetic charge (see Ref. [78]) and the powers are
(γ = 3,ν = 2) for the Bardeen-like and (γ = 3,ν = 3) for
the Hayward-like spacetimes.
The stationary limit surfaces and the event horizon (if
they exist) are determined by the solutions of Eqs.
gtt = 0 ⇔ ∆− a2 sin2 θ = 0 , (28)
5and
grr = 0 ⇔ ∆ = 0 , (29)
respectively. The structure of the spacetime depends on
the number of real, positive solutions of Eqs. (28) and
(29). For the Kerr spacetime µem = 0, then the location
of stationary limit surfaces and event horizons are given
by
rS±
µ
= 1±
√
1− a
2
µ2
cos2 θ , (30)
rH±
µ
= 1±
√
1− a
2
µ2
, (31)
respectively. For a/µ < 1 there are two stationary limit
surfaces and event horizons. The region which is located
outside the outer event horizon but inside the outer sta-
tionary limit surface is called ergosphere. The spacetime
is free from the singularity for µ = 0 and γ ≥ 3. The first
and the second panels of Fig. 3 in Ref. [79] indicates
the region in the parameter space of a and q = qm/µem
for the Bardeen and the Hayward subcases, respectively,
where the above line element squared describes a regular
black hole.
In the spacetimes having symmetries, constants of mo-
tion associated to each Killing vector ξa (which obeys the
Killing equation ∇(aξb) = 0) emerge [29] as
Cξ = ξ
apa +
1
2
Sab∇aξb . (32)
Since the rotating black hole spacetimes have a timelike
∂t and a spatial ∂φ Killing vectors due to the staticity
and axial symmetry, there are two constants of motion
[48]:
E = −pt − 1
2
Sab∂agbt ,
Jz = pφ +
1
2
Sab∂agbφ . (33)
At spatial infinity E means the energy of the spinning
body and Jz is the projection of the total momentum to
the symmetry axis. These constants are used for checking
the numerical accuracy.
1. Static and zero angular momentum observers
The worldlines of static observers are the integral
curves of the timelike Killing vector field, i.e.
u(SO) =
1√−gtt∂t . (34)
This family of observers exists outside the ergosphere.
The SO frame is
e0 = u(SO) , e1 =
√
∆
Σ
∂r , e2 =
∂θ√
Σ
,
e3 = − 1√
∆
(
aB sin θ
Σ
√−gtt∂t −
√−gtt
sin θ
∂φ
)
. (35)
The dual basis is obtained as eAa = gabη
ABebB, where
ηAB = diag (−1, 1, 1, 1). The components of the metric
in terms of the dual frame basis is gab = ηABe
A
a e
B
b .
The orbit of a zero angular momentum observer is or-
thogonal to the t =const. hypersurfaces [92, 93]. The
four velocity along this orbit is
u(ZAMO) =
√
A
Σ∆
(
∂t +
aB
A ∂φ
)
, (36)
which corresponds to the 1-form: −dt/
√
−gtt. In con-
trast to the SOs, this family of observers also exists inside
the ergosphere but outside the outer event horizon. The
frame of the ZAMOs is given by
f0 = u(ZAMO) , f1 =
√
∆
Σ
∂r ,
f2 =
∂θ√
Σ
, f3 =
√
Σ
A
∂φ
sin θ
, (37)
with dual basis: fAa = gabη
ABf bB.
III. REPRESENTATIONS OF SPIN AND ORBIT
EVOLUTIONS
The evolution of the spin vector (7) will be described
in comoving frame with the centroid. The spin vector
(19) will be considered in both comoving and zero 3-
momentum frames. The definitions of comoving and zero
3-momentum observers will be introduced in the next
subsection. Then spin evolution equations will be derived
using the boosted spatial spherical and Cartesian-like tri-
ads. In addition we also define an angular-momentum-
like kinematical quantity for characterization of the in-
stantaneous orbital plane.
A. Comoving and zero 3-momentum frames
In the FMP SSC the centroid is measured in the frame
with four velocity ua, i.e. which comoves with it. The
centroid is not unique but we can choose one of them, for
instance that which moves along a non-helical trajectory.
In the TD SSC the center of mass is unique and measured
in the zero 3-momentum frame with four velocity pa/M .
The comoving indicative refers to that observer which
moves along the chosen centroid worldline, i.e. it has the
four velocity ua. The zero 3-momentum observer has the
four velocity pa/M .
Neither the different centroid four velocities nor pa/M
are given analytically. Below we will refer to these three
kinds of four velocities by the notation U , i.e. U = u (in
6FMP or in TD SSCs) or U = pa/M (in TD SSC). The
comoving and zero 3-momentum observers’ frames will be
set up from the frames of the static and the zero angular
momentum observers by an instantaneous Lorentz-boost
knowing U numerically.
The comoving and zero 3-momentum frames (hereafter
unanimously referred as U -frame) obtained from the SO
frame are given by
E0 (e, U) ≡ U = Γ(S)
(
e0 + v(S)
)
,
Eα (e, U) = eα +
U · eα
1 + Γ(S)
(
U + u(SO)
)
. (38)
Here α = {1,2,3}, v(S) is the relative spatial velocity
of either the comoving or the zero 3-momentum observer
with respect to the SO frame, which is perpendicular to
e0:
v(S) = Γ
−1
(S)U − u(SO) , (39)
and the Lorentz factor is Γ(S) = −U · u(SO). The dot
denotes the inner product with respect to the metric gab,
i.e. W · V ≡ g (W,V ) = gabW aV b for any vector fields
W and V . The inverse transformation is
e0 = Γ(S)
(
E0 (e, U) +w(S)
)
,
eα = Eα (e, U) +
u(SO) · Eα (e, U)
1 + Γ(S)
(
U + u(SO)
)
, (40)
where
w(S) = w
α
(S)Eα (e, U) = Γ
−1
(S)u(SO) − U , (41)
is the relative spatial velocity of the static observer with
respect to the U -frame.
The corresponding Lorentz-boost from the ZAMO
frame reads as
E0 (f, U) ≡ U = Γ(Z)
(
f0 + v(Z)
)
,
Eα (f, U) = fα +
U · fα
1 + Γ(Z)
(
U + u(ZAMO)
)
, (42)
with relative spatial velocity v(Z) of the U -frame with
respect to the ZAMO frame:
v(Z) = Γ
−1
(Z)U − u(ZAMO) , (43)
and Lorentz factor: Γ(Z) = −U · u(ZAMO). The inverse
boost transformation is
f0 = Γ(Z)
(
E0 (f, U) +w(Z)
)
,
fα = Eα (f, U) +
u(ZAMO) ·Eα (f, U)
1 + Γ(Z)
(
U + u(ZAMO)
)
,
(44)
where
w(Z) = w
α
(Z)Eα (f, U) = Γ
−1
(Z)u(ZAMO) − U , (45)
is the relative spatial velocity of the ZAMO with respect
to either the comoving or the zero 3-momentum frame.
Relations between w(S) and w(Z) are given in Appendix
A.
Since E0 (e, U) = U = E0 (f, U) the transformation
between the frames EA (e, U) and EA (f, U) is a rota-
tion in the rest space of either the comoving or the zero
3-momentum observer. The rotation axis has the follow-
ing non-zero components in both the EA (e, U) and the
EA (f, U) frames:
n1 = − w
2
(Z)√(
w1(Z)
)2
+
(
w2(Z)
)2
= − w
2
(S)√(
w1(S)
)2
+
(
w2(S)
)2 , (46)
and
n2 =
w1(Z)√(
w1(Z)
)2
+
(
w2(Z)
)2
=
w1(S)√(
w1(S)
)2
+
(
w2(S)
)2 . (47)
The second equalities in (46) and (47) come from the
relations enlisted in Appendix A. The rotation angle Θ
is determined by
sinΘ =
[(
1−
√
Σ∆
−gttA
)
Γ(Z)w
3
(Z)
1 + Γ(Z)
+
aB sin θ√−gttΣA
]
×
Γ(Z)
√(
w1(Z)
)2
+
(
w2(Z)
)2
1 + Γ(S)
= −
[(
1−
√
Σ∆
−gttA
)
Γ(S)w
3
(S)
1 + Γ(S)
− aB sin θ√−gttΣA
]
×
Γ(S)
√(
w1(S)
)2
+
(
w2(S)
)2
1 + Γ(Z)
, (48)
and
cosΘ− 1
1−
√
Σ∆
−gttA
=
Γ2(Z)
[(
w1(Z)
)2
+
(
w2(Z)
)2]
(
1 + Γ(S)
) (
1 + Γ(Z)
)
=
Γ2(S)
[(
w1(S)
)2
+
(
w2(S)
)2]
(
1 + Γ(S)
) (
1 + Γ(Z)
) . (49)
The frame Eα (e, U) (Eα (f, U)) is obtained from
Eα (f, U) (Eα (e, U)) by a rotation with the angleΘ (−Θ)
7about the axis n. The rotation angle Θ exists outside
the ergosphere where the terms under the square roots
in Eqs. (48) and (49) are positive. The transformation
between Eα (e, U) and Eα (f, U) in another form is given
in Appendix B. The above transformation is a special
case of the Wigner-rotation [94] which was discussed re-
cently in Ref. [95]. However explicit expressions for the
rotation between the frames which we denote Eα (f, U)
and Eα (e, U) were not presented in [95].
B. MPD spin equations in comoving and zero
3-momentum frames
We investigate three different cases related to the cho-
sen U -frame. When using FMP SSC, Ua = ua, i.e. it
means the four velocity of the chosen centroid, and Sa
will denote the spin vector sa defined in Eq. (7). In the
case of TD SSC, Sa=Sa given by Eq. (19) and we con-
sider two subcases: i) Ua = pa/M , when we work in the
zero 3-momentum frame; and ii) Ua = ua which is the
four velocity of the center of mass measured in the zero
3-momentum frame. In all cases the spin vector can be
expanded as
S = SαEα , (50)
since S0 = 0. Here the spatial frame vector Eα in the
U -frame denotes either Eα (e, U) or Eα (f, U) which are
obtained by boosting the SO and ZAMO frames, respec-
tively.
The covariant derivative of the spin vector along the
integral curve of u is
DS
dτ
=
dSα
dτ
Eα + S
αDEα
dτ
. (51)
Since the frame vectors are perpendicular to each other,
we have
EA · DEB
dτ
= −EB · DEA
dτ
, (52)
for A 6= B, and because of the normalization:
EA · DEA
dτ
= 0 . (53)
Therefore the covariant derivatives of the spatial frame
vectors along the integral curve of u can be expressed as
DEα
dτ
= −
(
E0 · DEα
dτ
)
E0 +Ω× Eα , (54)
where the angular velocity Ω is
Ω = ΩαEα , (55)
with frame components
Ω1 = E3 · DE2
dτ
= −E2 · DE3
dτ
, (56)
Ω2 = −E3 · DE1
dτ
= E1 · DE3
dτ
, (57)
Ω3 = E2 · DE1
dτ
= −E1 · DE2
dτ
. (58)
The cross product in Eq. (54) is defined by
Ω× Eα = −ε γαβ ΩβEγ , (59)
with Levi-Civita symbol ε γαβ in the 3-dimensional Eu-
clidean space whose frame indices are raised and lowered
by the 3-dimensional Kronecker δ. With the Levi-Civita
symbol Eqs. (56)-(58) read as
Ωα = −1
2
εαβγEβ · DEγ
dτ
. (60)
Due to Eq. (52), the first term4 in (54) can be written
as
E0 · DEα
dτ
= −Eα · a , (61)
where a denotes the acceleration a = DE0/dτ . Now the
spin equation (51) becomes
DS
dτ
=
(
dSα
dτ
+ εαβγΩ
β
S
γ
)
Eα + (S · a)E0 . (62)
Finally we take into account the corresponding spin
equations (11) or (23) depending on the chosen SSC.
When using FMP SSC we find the following evolution
equation for the spin vector (7) in comoving frame with
the centroid:
dsα
dτ
+ εαβγΩ
βsγ = 0 . (63)
In the TD SSC and in the zero 3-momentum frame we
find a similar form equation for the spin vector (19):
dSα
dτ
+ εαβγΩ
βSγ = 0 . (64)
The third case, also related to the TD SSC when con-
sidering the evolution of Sα in the comoving frame, re-
quires a longer computation. Equations (23) and (62)
results in (
dSα
dτ
+ εαβγΩ
βSγ
)
Eα +Υ = 0 , (65)
with
Υ =
[
(S · a) uA − (S ·F) p
A
M2
]
EA . (66)
4 Noting that this term vanishes when the first order spin correc-
tions, i.e. the right hand sides of Eqs. (1) and (2), are neglected
(see Ref. [83]).
8Using Eqs. (16) and (22) a straightforward computation
shows that u ·Υ = 0. Therefore Υ can be expanded as
Υ = ΥαEα . (67)
On the other hand Υ is also perpendicular to S, thus we
can introduce a vector ω as
ω×S= Υ . (68)
The vector ω is determined ambiguously since its frame
component parallel with S vanishes in the cross product.
As a natural choice, we choose ω to be perpendicular to
S. Using the definition (68), Eq. (65) reads as
dSα
dτ
+ εαβγ
(
Ωβ + ωβ
)
Sγ = 0 . (69)
The above equations (63), (64) and (69) can be con-
sidered in either the Eα (e, U) or the Eα (f, U) frame.
Introducing the notations
k = {e, f} ,
Γ =
{
Γ(S),Γ(Z)
}
, (70)
the components of Ωα (k, U) can be expressed as
Eβ (k, U) · DEα (k, U)
dτ
= kβ · Dkα
dτ
+
1
1 + Γ
[(U · kα) kβ
− (U · kβ) kα] · Dk0
dτ
+
1
1 + Γ
× [(U · kα) kβ − (U · kβ) kα] · DU
dτ
, (71)
where α 6= β. This can be computed once U is deter-
mined.
We note that when the right hand sides of Eqs. (1)
and (2) are neglected, the centroid moves along a geodesic
thus ω and the last term in (71) vanish. The four-velocity
U is determined from the geodesic equation and for k = e
we obtain the same system which was investigated in Ref.
[83].
C. Cartesian-like triads and the characterizations
of orbit and spin evolutions
The evolution of the spin vector can be illustrated
suitably by comparison its direction with Cartesian axes
which are fixed with respect to the distant stars. The
static observers are those fiducial observers whose frame
does not move with respect to the black hole’s asymp-
totic frame [96]. A static observer sees the same “nonro-
tating” sky during the evolution. In this sense the static
observers are preferred fiducial observers in the investiga-
tion of spin dynamics. Following Ref. [83], we introduce
a spatial Cartesian-like triad ex, ey and ez in the local
rest space of the static observer as
(e1, e2, e3) = (ex, ey, ez)R(e) , (72)
where R(e) is the same rotation matrix which relates the
Cartesian and spherical coordinates in the 3-dimensional
Euclidean space, see Eq. (85) of [83]. The spinning
body’s orbit will be represented in the coordinate space:
x = r cosφ sin θ ,
y = r sinφ sin θ ,
z = r cos θ . (73)
We characterize the instantaneous plane of the motion in
the (x, y, z)-space by the unit vector:
l =
R×V
|R×V| , (74)
where × is the cross product in Euclidean 3-space, R is
the position vector with components:
Rx = x , Ry = y , Rz = z , (75)
and V is a spatial velocity vector with5
V x =
dx
dτ
, V y =
dy
dτ
, V z =
dz
dτ
. (76)
The absolute value in the denominator denotes the “Eu-
clidean length” of the numerator. Since the considered
spacetimes are asymptotically flat, the quantity li coin-
cides with the direction of the orbital angular momen-
tum6 at spatial infinity.
Boosting the vectors eα to the U -frame we get
Eα (e, U) through Eq. (38). Applying the same boost
transformation for ei we have Ei (e, U). Since the rota-
tion R(e) and the boost can be interchanged, we find
(E1, E2, E3) (e, U) = (Ex, Ey, Ez) (e, U)R(e) . (77)
The family of static observers only determines a frame
outside the ergosphere. Therefore we introduce another
Cartesian-like basis related to the ZAMOs for represen-
tation of the spin evolution inside the ergosphere.7 When
both SO and ZAMO frames exist, a rotation about the
axis n defined by Eqs. (46) and (47) [see also Appendix B
for the explicit expressions] relates Eα (f, U) to Eα (e, U)
which can be written as
(E1, E2, E3) (f, U)R = (E1, E2, E3) (e, U) . (78)
5 Noting that we could use any timelike parameter in the definition
(76) due to the normalisation in Eq. (74).
6 We mention that the natural definition of orbital angular mo-
mentum around x0 would be
Lab = −σ[a (x, x0) p
b] (τ) .
Here σa is a generalized position vector which can be computed
from the Synge’s world function [97]. However there are only few
metrics for which the exact world function is known [98–104].
7 Noting that the frame associated to the ZAMO moves with re-
spect to the distant stars.
9Here R denotes the corresponding rotation matrix. Sim-
ilarly to the case of SO, we introduce a spatial Cartesian-
like triad fx, fy and fz in the rest space of ZAMO as
(f1, f2, f3) = (fx, fy, fz)R(f) , (79)
where R(f) is the same rotation matrix which relates the
Cartesian and spherical coordinates in the 3-dimensional
Euclidean space. After boosting the ZAMO frame we
find
(E1, E2, E3) (f, U) = (Ex, Ey, Ez) (f, U)R(f) . (80)
Here Eα (f, U) and Ei (f, U) are the boosted vectors fα
and fi, respectively. The relation between the Cartesian-
like frame vectors Ei (e, U) and Ei (f, U) is
(Ex, Ey, Ez) (f, U)R(f)R = (Ex, Ey, Ez) (e, U)R(e) .
(81)
The Cartesian-like triad components of the spin vector
are obtained as
S
i = RiαS
α , (82)
where R refers to either R(e) or R(f) depending on the
chosen basis pairs Eα (e, U) and Ei (e, U) or Eα (f, U)
and Ei (f, U), respectively. The evolution equation for S
i
is
dSi
dτ
= −RiαεαβγΩβ(prec)Sγ . (83)
Here the precession angular velocity is8
Ωβ(prec) = Ω
β
(p) + ǫω
β , (84)
with
Ωβ(p) = −Ωβ(orb) +Ωβ , (85)
where Ωβ(orb) defined [see also Ref. [83]] as
(
R−1
)α
j
dRjβ
dτ
= εαγβΩ
γ
(orb) , (86)
and the values of ǫ are listed in Table I. The quantity
Table I: The meaning of S and ǫ in Eqs. (83) and (84), re-
spectively, in different SSCs and the related U -frames.
FMP SSC TD SSC
Ua = ua Ua = pa/M Ua = ua
S = s , ǫ = 0 S = S , ǫ = 0 S = S, ǫ = 1
8 Noting that there is a sign difference in the definition of Ωβ
(prec)
with respect to Ref. [83].
Ωβ(prec) describes the spin precession in the Cartesian-like
frame. The Cartesian-like triad components of Ωβ(prec)
are obtained from Eq. (82) with notation change S →
Ω(prec). In addition we note that Ω(p) can also be ex-
pressed in terms of the inner product of the Cartesian-like
triad vectors Ei and their derivatives along the consid-
ered worldline as
Ωi(p) ≡ RiβΩβ(p) = −
1
2
εijkEj · DEk
dτ
. (87)
This expression is analogous with Eq. (60).
1. Relations between the angular velocities in the boosted
SO and ZAMO frames
The relation between Eα′ (f, U) and Eα (e, U) is
Eβ (e, U) = Rα′β Eα′ (f, U) (see also (78)), where the
rotation matrix R is obtained from (B2). In this
subsubsection the primed and unprimed indices re-
fer to the triads Eα′ (f, U) and Eα (e, U), respectively.
Two kinds of Cartesian-like frame vectors were intro-
duced as Eα (e, U) = R
i
(e)αEi (e, U) and Eα′ (f, U) =
Ri
′
(f)α′Ei′ (f, U) (see Eqs. (77) and (80)). The relation
between the Cartesian-like bases is(
R−1(e)
)β
k
Rα′βRi
′
(f)α′Ei′ (f, U) = Ek (e, U) . (88)
When using the frame vectors Eα (e, U) and Ei (e, U),
Eqs. (60) and (87) define angular velocities Ωα (e, U) and
Ωi(p) (e, U), respectively, as
Ωα (e, U) = −1
2
εαβγEβ (e, U) · DEγ (e, U)
dτ
, (89)
Ωi(p) (e, U) = −
1
2
εijkEj (e, U) · DEk (e, U)
dτ
. (90)
Similarly, with the frame vectorsEα′ (f, U) and Ei′ (f, U)
Eqs. (60) and (87) give Ωα
′
(f, U) and Ωi
′
(p) (f, U), respec-
tively:
Ωα
′
(f, U) = −1
2
εα
′β′γ′Eβ′ (f, U) · DEγ
′ (f, U)
dτ
, (91)
Ωi
′
(p) (f, U) = −
1
2
εi
′j′k′Ej′ (f, U) · DEk
′ (f, U)
dτ
. (92)
In addition the definition (86) results in
(
R−1(e)
)ϕ
m
DRm(e) φ
dτ
= εϕψφΩ
ψ
(orb) (e, U) , (93)(
R−1(f)
)ϕ′
m′
DRm
′
(f) δ′
dτ
= εϕ
′
ψ′δ′Ω
ψ′
(orb) (f, U) . (94)
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By introducing the angular velocity Ωγ(R) as
(R−1)α
ν′
dRν′β
dτ
= εα γβΩ
γ
(R) , (95)
we find the following relation between Ωα (e, U) and
Ωβ
′
(f, U):
Rβ′αΩα (e, U) = Ωβ
′
(f, U) +Rβ′αΩα(R) . (96)
In addition Ωi(p) (e, U) relates to Ω
k′
(p) (f, U) as
T k
′
iΩ
i
(p) (e, U) + S
k′
αΩ
α
(orb) (e, U)
= Ωk
′
(p) (f, U) +R
k′
(f)β′Ω
β′
(orb) (f, U) + S
k′
αΩ
α
(R) ,(97)
with
T k
′
i ≡
(
R−1(e)
)β
i
Rα′βRk
′
(f)α′ , (98)
Sk
′
α ≡ Rk
′
(f)β′Rβ
′
α . (99)
Noting that ωα in Eq. (68) transforms as a vector for
real rotation Rβ′α, the transformation rules for Ωβ(prec)
and Ωi(prec) follow from the definitions (84) and (97).
IV. NUMERICAL INVESTIGATIONS
First we use the FMP SSC and the spin definition (7).
In this SSC, there are infinite helical orbits which can be
obtained. Since the tangent vector of the centroid orbit
occurs in the spin precessional equation through EA and
their derivatives, the spin axis can describe very com-
plicated motion in such observer’s frame which follows a
helical trajectory. Since we want to characterize the self
rotation of the body in the easiest way possible the he-
lical trajectories should be avoided. However there is no
generic rule for determination of the non-helical trajec-
tory. According to Authors’ knowledge the best ansatz
is suggested in Ref. [86] as taking
pa = mua + Sab
Fb
m
. (100)
In this case aa ∝ F a/m at leading order in spin which is
plausible for a non-helical trajectory since aa ∝ O (S−1)
for the helical ones. However the ansatz (100) cannot
be imposed as a constraint for the dynamics with signifi-
cant spin magnitude in the consideration. We require the
ansatz (100) for setting initial conditions in the numer-
ical investigations. This is not forbidden because (100)
is consistent with (13) which can be seen by substituting
(100) in (13) and using the FMP SSC.
The initial data for the spin vector will be character-
ized by its magnitude and two angles in the boosted SO
Cartesian-like frame as
S = SiEi (e, u) , (101)
with
S
i = |S|
(
cosφ(S) sin θ(S), sinφ(S) sin θ(S), cos θ(S)
)
.
(102)
When comparing the evolutions in the TD and the
FMP SSCs we proceed as follow. First noting that we
use dimensionless quantities during the numerical inves-
tigation. Thus the parameters µ, a, m and M only ap-
pear through the ratios a/µ and m/M . We choose the
initial data set in the TD SSC as pa(TD)/M and S
a/µM
(by Eq. (102)) then the initial spin tensor is derived
from Eq. (20) while m (0) /M (0) and the four velocity
ua(TD) of the centroid from (16), respectively. The cor-
responding initial data set in the FMP SSC are chosen
by identifying the initial centroid four velocity and spin
vector as ua(FMP ) = u
a
(TD) and s
a/m = Sa/M . Then
the initial spin tensor and pa(FMP )/m are computed from
Eqs. (8) and (100), respectively. In addition in all cases
who choose such initial conditions that the body moves
in the equatorial plane for negligible spin magnitude.
A. Spinning bodies moving in the Kerr spacetime
In this subsection we set µem = 0 and a/µ < 1, i.e.
the background is a Kerr black hole’s spacetime. Figure
1 shows spherical-like orbits. The initial values are listed
in the caption. The orbits, the black curves in the upper
row, are shown in the coordinate space (x/µ,y/µ,z/µ)
defined in Eq. (73). The initial and the final positions of
the body are marked by green and red dots, respectively.
The initial position is in the equatorial plane θ (0) = π/2
at r (0) = 8µ and φ (0) = 0. The blue surface at the
centre depicts the outer bound of the Kerr black hole’s
ergosphere. In the columns from left to right the spin
magnitude |s| /µm changes as 0.01, 0.1 and 0.9, respec-
tively, while the other initial values are fixed. For small
spin the orbit is spherical (r˙ = 0) and reproduces Fig. 3
of [83]. For higher spins (second and third columns) the
orbit becomes less and less spherical, but r˙ ≪ 1, thus it is
spherical-like. On the purplish spheres in the second row,
the evolutions of the kinematical quantity defined in Eq.
(74) are shown under the corresponding orbits. Their ini-
tial and final directions are marked by purple and black
arrows, respectively. The evolutions of this vector clearly
show that the increasing spin magnitude affects the orbit.
On the greenish spheres in the third row, the evolutions
of the spin direction are represented in the boosted SO
frame Ei (e, u). The initial and final spin directions are
marked by green and blue arrows, respectively. In Boyer-
Lindquist coordinates the initial spin four vector sa has
only non-vanishing component sr. The fourth and fifth
rows image the evolutions of spin precessional angular ve-
locity Ωα(prec) (e, u) on shorter and longer timescales, re-
spectively. For |s| /µm = 0.01, the frame components of
this angular velocity oscillates (see also Fig. 3 of Ref. [83]
and remembering for that the definition of Ωβ(prec) carries
11
an extra sign). For |s| /µm = 0.1 and 0.9, an amplitude
modulation occurs because of r˙ 6= 0. We mention that
the evolution of Ωα(prec) (f, u) differs less than 1% from
that of Ωα(prec) (e, u). This is because the boosted SO and
ZAMO frames are almost the same, i.e. the rotation an-
gleΘ between them is small as shown in the last row. The
centroid orbit and the spin vector evolutions were also in-
vestigated in the TD SSC finding that they are barely dis-
tinguishable from those obtained in the FMP SSC. In ad-
dition all precessional angular velocities Ωα(prec) (e, p/M),
Ωα(prec) (e, u), Ω
α
(prec) (f, p/M) and Ω
α
(prec) (f, u) in the
frames Eα (e, p/M), Eα (e, u), Eα (f, p/M) and Eα (f, u),
respectively, describe the same evolutions within 1%.
In the followings, we will consider zoom-whirl orbits
passing over the ergosphere. We use the TD SSC be-
cause we experienced that the MPD equations with this
SSC have better numerical stability near the central
black hole. On Fig. 2 the first row shows the or-
bits in the (x,y,z)-space for increasing spin magnitude
|S| /µM = 0.01 (left panel) and 0.1 (right panel). The
other initial values listed in the caption are the same
for all cases. The blue and red surfaces at the centre
depict the outer and interior bounds of the ergosphere,
respectively (i.e. the outer stationary limit surface and
the outer event horizon). The initial and final positions
of the body are marked by green and red dots, respec-
tively. The initial position is in the equatorial plane
θ (0) = π/2 at r (0) = 14.05µ and φ (0) = 0, and both the
initial four momentum and centroid four velocity have
vanishing θ-component. With this initial location and
four velocity a non-spinning particle moves in the equa-
torial plane. However due to the spin and its direction
which is non parallel with the rotation axis of the cen-
tral black hole, the body’s centroid leaves the equatorial
plane. The second row represents the orbits in coordi-
nates ρ/µ = r sin θ/µ and z/µ = r cos θ/µ. The bounds
of the ergosphere are drawn by blue and red curves. The
body is inside there ergosphere when it whirls around
the central Kerr black hole. This happens during all
whirling period. In the third row, we show the orien-
tation of the orbital plane, the characterizing kinemati-
cal quantity is a quasi-constant for small spin (the mo-
tion of the body is almost constrained to the equatorial
plane), while its endpoint describes a leaf structure evo-
lution on the unit sphere for higher spin. The unit spin
vector evolutions on a shorter timescale and on the to-
tal considered timescale in the boosted SO Cartesian-like
comoving frame (Ei (e, u)) are shown in the fourth and
the fifth rows, respectively. The initial and final direc-
tions are marked by green and blue arrows, respectively.
The rotation of the projection of spin vector in the plane
(Ex (e, u), Ey (e, u)) is counterclockwise in all cases. In
the boosted SO frame the evolution is not continuous due
to the motion through the ergosphere. The black dots de-
note the spin directions when the body first enters and
leaves the ergosphere. The magnitude of the jump (which
can be seen better in the fourth row) shows that the
spin direction changed significantly inside the ergosphere.
The sixth row shows the unit spin vector evolution on the
total timescale in the boosted ZAMO Cartesian-like co-
moving frame (Ei (f, u)). This frame can be used for the
spin representation inside the ergosphere thus the evolu-
tion is continuous. The first row in Fig. 3 shows the rota-
tion angle Θ between the boosted SO and ZAMO frames.
Here and in the following pictures the purplish shadow
indicates the time interval where the body moves inside
the ergosphere during the first whirling period. The next
three rows in Fig. 3 depict the evolutions of Ωα(prec) (e, u)
and Ωα(prec) (f, u). Each row shows one component of
these angular velocities. The red and blue curves rep-
resent the precessional angular velocities in the boosted
ZAMO and SO frames, respectively. The blue curves
diverge at the ergosphere where the description in the
boosted SO frame fails. The magnitude of the preces-
sional angular velocities rapidly increases near and in-
side the ergosphere and becomes higher for higher spin
magnitude. Finally, we note that the precessional veloc-
ities Ωα(prec) (e, p/M) (Ω
α
(prec) (f, p/M)) and Ω
α
(prec) (e, u)
(Ωα(prec) (f, u)) describe the same evolutions within 1%.
On Fig. 4 the initial direction of the spin vector is op-
posite with respect to the case presented in the second
column of Figs. 2 and 3, while all other initial conditions
are the same (e.g. |S| /µM = 0.1). All subfigures on Fig.
4 can be obtained by simple transformations from the
corresponding pictures shown on the last columns of Figs.
2 and 3. The centroid trajectory is the reflection of the or-
bit presented on Fig. 2 through the equatorial plane. The
instantaneous directions of li (third panel) and the spin
vector in the boosted SO (ZAMO) frame are obtained
from the corresponding picture of Fig. 2 by a rotation
with an angle π about the axis z and Ez (e, u) (Ez (f, u)),
respectively. The angle Θ describes the same evolution.
The components Ω2(prec) (e, u) and Ω
2
(prec) (f, u) remain
unchanged while Ω1(prec) (e, u), Ω
1
(prec) (f, u), Ω
3
(prec) (e, u)
and Ω3(prec) (f, u) get extra signs.
On Fig. 5 the initial spin direction is rotated by
π/2 (left column) and −π/2 (right column) in the plane
(Ex (e, u), Ey (e, u)) with respect to the case presented
on Fig. 2. These two cases have opposite initial spin
directions leading to similar differences in the orbit and
spin evolutions which were found between the previous
cases presented in the last columns of Figs. 2, 3 and 4.
The zoom-whirl orbit on the right hand side is the re-
flection of the trajectory on the left hand side through
the equatorial plane. The third row shows the evolu-
tion of li. The fourth and fifth rows show the unit spin
vector evolution on a shorter timescale and on the to-
tal timescale in the boosted SO Cartesian-like comoving
frame. Finally, the sixth row shows the unit spin vector
evolution on the total timescale in the boosted ZAMO
Cartesian-like comoving frame. From the third to sixth
rows the evolutions presented on the left and the right
hand sides are related to each other by a rotation with an
angle π about the axis connecting the south and north
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poles. On Fig. 6 the rows image Θ and Ωα(prec) (e, u) and
Ωα(prec) (f, u). The evolutions of Θ and Ω
2
(prec) are the
same on the left and right hand sides, while Ω1(prec) and
Ω3(prec) have a sign difference. In addition noting that
there is no simple transformation between the evolutions
presented on Figs. 5 (6) and 2 (3).
We consider the evolutions of spinning bodies which
follow unbound orbits crossing through the ergosphere.
The spin magnitude is chosen as |S| /µM = 0.1. The
initial spin directions on the left (right) hand side of
Fig. 7 are the same as on Fig. 2 (on the left hand side
of Fig. 5). The first row depicts the unbound orbits
in the (x,y,z)-space. The initial data set is chosen at
r (τ = 0) = 2000µ where the body is in the equatorial
plane (θ (τ = 0) = π/2 and φ (τ = 0) = 0) and the cen-
troid four velocity has vanishing θ-component. We nu-
merically checked that r → ∞ as τ → ±∞. Second and
third rows represent the orbits near the black hole in the
(x,y,z) and the (ρ,z) spaces, respectively. The interval for
τ is determined by −5µ before and +5µ after the body
crossed the outer stationary limit surface. As the body
penetrates the ergosphere it makes two turns around the
black hole, then it leaves the ergosphere going to the spa-
tial infinity. These evolutions describe such scattering
processes where the center is extremely approached. The
fourth, fifth and sixth rows image the evolutions of the
instantaneous orbital plane orientation and spin vector
represented in the boosted SO and ZAMO frames, re-
spectively. The jump in the evolution of the spin vector
in the boosted SO frame (marked by black dots) shows
that the variation of spin direction takes place largely in-
side the ergosphere. In both columns the initial l (0) is
parallel with the coordinate axis z. The polar and az-
imuthal angles of l at τ∗ = 4433µ when the body moved
away from the central black hole are denoted by θ(l) (τ∗)
and φ(l) (τ∗). For τ > τ∗ these angles undergoes only un-
significant changes, thus they characterize the scattering
process well. In the presented two cases only the values
of φ(l) (τ∗) is different, see the caption. On Fig. 8, the
evolutions of Θ and Ωα(prec) (e, u) and Ω
α
(prec) (f, u) are
presented for that time interval which is determined by
−25µ before and +25µ after the body crossed the outer
stationary limit surface. As previously, Θ is small when
the body is relatively far from the black hole. In addition
the spin precessional velocities are highly increased near
the ergosphere.
B. Spinning bodies moving in rotating regular
black hole spacetimes
In this subsection we set µ = 0, γ = 3 and a = 0.99µem.
The background is either a regular, rotating Bardeen-like
(ν = 2) or Hayward-like (ν = 3) black hole spacetime.
For ν = 2 and ν = 3 the spacetime contains a black hole
for q ≤ 0.081 and q ≤ 0.216, respectively. We consider
three cases: (ν = 2,q = 0.081), (ν = 3,q = 0.081) and
(ν = 3,q = 0.216). For these parameters the regular
black holes have two stationary limit surfaces and event
horizons. In addition the spin magnitude for the moving
body is chosen as |S| /µM = 0.1.
On Fig. 9 zoom-whirl orbits in regular rotating black
hole spacetimes are presented. The columns from left to
right correspond to (ν = 2,q = 0.081), (ν = 3,q = 0.081)
and (ν = 3,q = 0.216). With the notation change
µ → µem, the initial values are chosen the same as in
the second column of Fig. 2. Each row represents the
same quantity which was shown on Fig. 2. The first two
columns show that both the orbit and the spin evolutions
are significantly different in the cases of the Bradeen-like
and Hayward-like black holes for the same µem and q
values. In addition the second and the third columns
show in the case of Hayward-like background that these
evolutions are also sensitive for the value of q. On Fig.
10 the evolutions of the angle Θ and the frame compo-
nents of the spin precessional angular velocities are repre-
sented during the time interval containing the first three
whirling period. The magnitudes of the components of
the precessional angular velocity take somewhat differ-
ent values in the different columns during the whirling
periods.
On Figs. 11 and 12, evolutions along unbound orbits
in regular rotating black hole spacetimes are shown. In
the columns from left to right the values for the parame-
ter pair (ν,q) are chosen the same as on Fig. 9. With the
notation change µ → µem, the initial values are chosen
the same as in the second column of Fig. 7. On Figs. 11
and 12, each row represents the same quantity which was
given on Figs. 7 and 8, respectively. The evolutions are
different on Bardeen-like and Hayward-like backgrounds
for the same µem and q values. The scattering process
also depends on the value of q as we can see from the
second and third columns in the case of Hayward-like
background. Interestingly the evolutions show more sim-
ilarities to each other in the cases (ν = 2,q = 0.081) and
(ν = 3,q = 0.216) than in the cases (ν = 3,q = 0.081)
and (ν = 3,q = 0.081). The angles θ(S) (τ∗) and φ(S) (τ∗)
characterizing the spin direction in the boosted SO frame
at τ∗ undergoes only unsignificant variation for τ > τ∗.
Thus these angles also characterize the result of the scat-
tering process well. In considered three cases significant
variation occurs only in the value of φ(S) (τ∗), see the
caption of Fig. 11. In addition the values of θ(S) (τ∗)
and φ(S) (τ∗) for (ν = 3,q = 0.081) are almost the same
as in the case presented in the second column of Fig. 7
(see the captions of Figs. 7 and 11). Similar statements
are also valid for θ(l) (τ∗) and φ(l) (τ∗) characterizing the
final value of the orbital plane evolution in the coordinate
space (x,y,z).
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V. CONCLUDING REMARKS
We derived spin evolution equations in different U -
frames based on the MPD equations with FMP and TD
SSCs. When using FMP SSC the centroid is measured
in that frame which comoves with it. The centroid is not
unique, we chose that which moved along a non-helical
trajectory in order to describe the motion of the body’s
spin in the easiest way possible. The spin is defined in
(7) and its evolution is described in the comoving frame
(Ua = ua) by Eq. (63). When using TD SSC the centroid
is unique and it is measured in the zero 3-momentum
frame Ua = pa/M . The spin vector is defined in (19)
and its evolution is described in the zero 3-momentum
frame Ua = pa/M by Eq. (64) and in the comoving
frame Ua = ua by Eq. (69).
For a chosen U -frame two subframes were set up differ-
ing from each other by an instantaneous space-like rota-
tion. These subframes were obtained by boost transfor-
mations from either the SO or the ZAMO frames. Since
the SO are not moving with respect to the distant stars,
Cartesian-like basis vectors in its rest space give good ref-
erence directions to which the spin vector evolution can
be compared. However if the body passes over the ergo-
sphere the boosted SO frame cannot be used for descrip-
tion of the dynamics during the whole evolution. Instead
the boosted ZAMO frame remains applicable. Noting
that the ZAMO’s frame has no such good properties as
the SO’s, since the ZAMO rotates with respect to the
distant stars. We described the spin dynamics in two
Cartesian-like U -frames (see Eq. (83)) related to the SO
and the ZAMO.
The spin equations were applied for numerical consid-
erations when the spinning body moved along spherical-
like, zoom-whirl and unbound orbits. When the space-
time curvature and the spin contributions on the right
hand sides of the MPD equations can be neglected we re-
covered the corresponding results of Ref. [83] for a spher-
ical orbit. However increasing the spin magnitude and/or
approaching the centre, the orbit becomes non-geodesic
leaving a trace in the spin precession.9 The existence of
zoom-whirl orbits are confirmed by using the MPD dy-
namics. The presented zoom-whirl and unbound orbits
of spinning body passed over the ergosphere where the
PN approximation cannot be applied. In all cases the nu-
merical investigations showed that the spin precessional
angular velocity highly increased near and inside the er-
gosphere. Thus the direction of the spin vector is signifi-
cantly variated during the evolutionary phase inside the
ergosphere.
9 The influence of the spin magnitude for the orbit and thus for
the precessional angular velocity is considered on Figs. 1 and
2. For small spins we obtain an almost geodesic trajectory as a
benchmark since in this case the right hand sides of the MPD
equations are negligible.
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Appendix A: Relations between wα(S) and w
α
(Z)
Here we enlist some relations between the relative spa-
tial velocities of the SO and ZAMO with respect to either
the comoving or the zero 3-momentum frame (depending
on the meaning of U which occurs in the Lorentz factors):
Γ(S)w
1
(S) = Γ(Z)w
1
(Z) , (A1)
Γ(S)w
2
(S) = Γ(Z)w
2
(Z) , (A2)
Γ(Z)w
3
(Z) = Γ(S)
[
aB sin θ√−gttΣA
+
√
Σ∆
−gttAw
3
(S)
]
, (A3)
− Γ(S)w3(S) = Γ(Z)
(
aB sin θ√−gttΣA
−
√
Σ∆
−gttAw
3
(Z)
)
,
(A4)
√
Σ∆
−gttAΓ(Z) − Γ(S) =
aB sin θ√−gttΣA
Γ(Z)w
3
(Z) , (A5)
Γ(Z) −
√
Σ∆
−gttAΓ(S) =
aB sin θ√−gttΣA
Γ(S)w
3
(S) , (A6)
−1 + Γ(Z)
1 + Γ(S)
[(
1−
√
Σ∆
−gttA
)
Γ(Z)w
3
(Z)
1 + Γ(Z)
+
aB sin θ√−gttΣA
]
=
(
1−
√
Σ∆
−gttA
)
Γ(S)w
3
(S)
1 + Γ(S)
− aB sin θ√−gttΣA
. (A7)
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Figure 1: (color online). The evolution of spinning body moving on spherical-like orbits around the Kerr black hole with
a = 0.5µ. From left to right the magnitude of the body’s spin increases as |s| /µm = 0.01, 0.1 and 0.9. The rows represent
the following: 1. the orbit in coordinate space (x/µ,y/µ,z/µ) (the ergosphere of the central black hole is marked by blue and
the initial and the final positions of the spinning body are denoted by green and red dots, respectively,), 2. the instantaneous
orbital plane orientation li (initial and final directions are marked by purple and black arrows, respectively), 3. unit spin
vector in the boosted SO comoving Cartesian-like frame Ei (e, u) (initial and final spin directions are marked by green and
blue arrows, respectively), 4. and 5. Ωα(prec) (e, u) on shorter and longer timescales, respectively, 6. sin Θ. The initial place of
the body is r(0) = 8µ, θ(0) = π/2 and φ(0) = 0. In the comparison of evolutions represented in the FMP and TD SSCs, the
same dimensionless spin vector is chosen, i.e. sa/m = Sa/M . The direction of the initial spin vector is given by θ(S) (0) = π/2
and φ(S) (0) in the boosted SO frame (resulting in Sr (0) / |S| = sr (0) / |s| = 0.8682, µSθ (0) / |S| = µsθ (0) / |s| = 0 and
µSφ (0) / |S| = µsφ (0) / |s| = 0 in Boyer-Lindquist coordinates). The four momentum pa(TD)/M is chosen for the TD SSC
as pr(TD)(0)/M (0) = 0, µp
θ
(TD) (0) /M (0) = 0.0442 and µp
φ
(TD)(0)/M (0) = −0.0316. The initial centroid four velocity u
a
(TD)
is determined from Eq. (16). This four velocity is identified with the initial centroid four velocity in the FMP SSC as
ua(FMP ) = u
a
(TD) and the initial four momentum p
a
(FMP )/m is derived from Eq. (100).
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Appendix B: The relation between the frames
Eα (e, U) and Eα (f, U)
The frame vectors Eα (e, U) derived from the SO’s
frame are the following linear combination of Eα (f, U):
E1 (e, U) = E1 (f, U) +
Γ(Z)w
1
(Z)
1 + Γ(S)
[
aB sin θ√−gttΣA
E3 (f, U)
+
(
1−
√
Σ∆
−gttA
)
Γ(Z)w(Z)
1 + Γ(Z)
]
,
E2 (e, U) = E2 (f, U) +
Γ(Z)w
2
(Z)
1 + Γ(S)
[
aB sin θ√−gttΣA
E3 (f, U)
+
(
1−
√
Σ∆
−gttA
)
Γ(Z)w(Z)
1 + Γ(Z)
]
,
E3 (e, U) =
(√
Σ∆
−gttA + Γ(Z)
)
E3 (f, U)
1 + Γ(S)
− Γ(Z)w(Z)
1 + Γ(S)
×
[(
1−
√
Σ∆
−gttA
)
Γ(Z)w
3
(Z)
1 + Γ(Z)
+
aB sin θ√−gttΣA
]
.(B1)
The inverse relations are
E1 (f, U) = E1 (e, U)−
Γ(S)w
1
(S)
1 + Γ(Z)
[
aB sin θ√−gttΣA
E3 (e, U)
−
(
1−
√
Σ∆
−gttA
)
Γ(S)w(S)
1 + Γ(S)
]
,
E2 (f, U) = E2 (e, U)−
Γ(S)w
2
(S)
1 + Γ(Z)
[
aB sin θ√−gttΣA
E3 (e, U)
−
(
1−
√
Σ∆
−gttA
)
Γ(S)w(S)
1 + Γ(S)
]
,
E3 (f, U) =
(√
Σ∆
−gttA + Γ(S)
)
E3 (e, U)
1 + Γ(Z)
− Γ(S)w(S)
1 + Γ(Z)
×
[(
1−
√
Σ∆
−gttA
)
Γ(S)w
3
(S)
1 + Γ(S)
− aB sin θ√−gttΣA
]
.(B2)
The frame components of any vector field
V =
(e)
V αEα (e) =
(f)
V αEα (f) , (B3)
obey the following transformation rule
(e)
V 1 =
(f)
V 1 +
[(
1−
√
Σ∆
−gttA
)
Γ(Z)w(Z) ·V
1 + Γ(Z)
+
aB sin θ√−gttΣA
(f)
V 3
]
Γ(Z)w
1
(Z)
1 + Γ(S)
,
(e)
V 2 =
(f)
V 2 +
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1−
√
Σ∆
−gttA
)
Γ(Z)w(Z) ·V
1 + Γ(Z)
+
aB sin θ√−gttΣA
(f)
V 3
]
Γ(Z)w
2
(Z)
1 + Γ(S)
,
(e)
V 3 =
(√
Σ∆
−gttA + Γ(Z)
) (f)
V 3
1 + Γ(S)
− Γ(Z)w(Z) ·V
1 + Γ(S)
×
[
aB sin θ√−gttΣA
+
(
1−
√
Σ∆
−gttA
)
Γ(Z)w
3
(Z)
1 + Γ(Z)
]
, (B4)
with w(Z) introduced in Eq. (45).
The inverse relations are
(f)
V 1 =
(e)
V 1 +
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1−
√
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−gttA
)
Γ(S)w(S) ·V
1 + Γ(S)
− aB sin θ√−gttΣA
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V 3
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V 2 =
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V 2 +
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√
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1 + Γ(S)
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(e)
V 3
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2
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,
(f)
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(√
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V 3
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with w(S) introduced in Eq. (41).
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Figure 2: (color online). The evolution of spinning body moving on zoom-whirl orbits around the Kerr black hole with a = 0.99µ.
The magnitudes of the body’s spin are |S| /µM = 0.01 (left panel) and 0.1 (right panel). The rows represent the following:
1. the orbit in coordinate space (x/µ,y/µ,z/µ) (outer and inner bounds of the ergosphere of the central black hole is marked
by blue and red surfaces, respectively, and initial and final positions of the spinning body are denoted by green and red dots,
respectively), 2. the orbit in the coordinate space ρ/µ = r sin θ/µ and z/µ = r cos θ/µ with marked initial and final positions
and bounds of the ergosphere, 3. the instantaneous orbital plane orientation li (initial and final directions are marked by purple
and black arrows, respectively), 4. and 5. unit spin vector in the boosted SO Cartesian-like comoving frame Ei (e, u) on a
shorter timescale and on the total timescale, respectively, and 6. unit spin vector in the boosted ZAMO Cartesian-like comoving
frame Ei (f, u) only on the total timescale (initial and final spin directions are marked by green and blue arrows, respectively).
The initial data set: t (0) = 0, r(0) = 14.05µ, θ(0) = π/2, φ(0) = 0, pr(0)/M = −0.03, µpθ(0)/M = 0, µpφ (0) /M = 0.012,
θ(S) (0) = π/2 and φ(S) (0) = 0 (the spatial Boyer-Lindquist coordinate components are Sr (0) / |S| = 0.9293, µSθ (0) / |S| = 0
and µSφ (0) / |S| = −0.0002).
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Figure 3: (color online). The left and right columns belong to the same evolution which are shown on Fig. 2. The first row
shows sinΘ. On the next three rows we present the evolutions of the spherical triad components of the spin precessional angular
velocities Ωα(prec) (e, u) and Ω
α
(prec) (f, u).
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red surfaces, respectively, and the initial and the final positions of the spinning body are denoted by green and red dots,
respectively), 2. the orbit in coordinate space ρ/µ = r sin θ/µ and z/µ = r cos θ/µ with marked initial and final positions and
bounds of ergosphere, 3. the instantaneous orbital plane li (initial and final directions are marked by purple and black arrows,
respectively), 4. and 5. unit spin vector in the boosted SO Cartesian-like comoving frame Ei (e, u) on a shorter timescale and
on the total timescale, respectively, and 6. unit spin vector in the boosted ZAMO Cartesian-like comoving frame Ei (f, u) only
on the total timescale (initial and final spin directions are marked by green and blue arrows, respectively), 7. sinΘ, 8.-10. the
evolutions of the spherical triad components of the spin precessional angular velocities Ωα(prec) (e, u) and Ω
α
(prec) (f, u).
[13] L. E. Kidder, Coalescing binary systems of compact
objects to (post)5/2-Newtonian order. V. Spin effects,
Phys. Rev. D 52, 821 (1995).
[14] E. Poisson, Gravitational waves from inspiraling com-
pact binaries: The quadrupole-moment term, Phys. Rev.
D 57, 5287 (1998).
[15] N. Wex, The second post-Newtonian motion of compact
binary-star systems with spin, Class. Quantum Grav 12,
983 (1995).
[16] C. Königsdörffer and A. Gopakumar, Post-Newtonian
accurate parametric solution to the dynamics of spin-
ning compact binaries in eccentric orbits: The leading
order spin-orbit interaction, Phys. Rev. D 71, 024039
(2005).
[17] Z. Keresztes, B. Mikóczi and L. Á. Gergely, Kepler equa-
tion for inspiralling compact binaries, Phys. Rev. D 71,
124043 (2005).
[18] C. Königsdörffer and A. Gopakumar, Parametric
derivation of the observable relativistic periastron ad-
vance for binary pulsars, Phys. Rev. D 73, 044011
(2006).
[19] É. Racine, Analysis of spin precession in binary black
hole systems including quadrupole-monopole interac-
tion, Phys. Rev. D 78, 044021 (2008).
[20] M. Kesden, D. Gerosa, R. O’Shaughnessy, E. Berti,
and U. Sperhake, Effective Potentials and Morpholog-
19
5 10 15
ρ/μ
-3
-2
-1
1
2
3
z/μ
5 10 15
ρ/μ
-3
-2
-1
1
2
3
z/μ
Figure 5: (color online). The same as on the last column of Figs. 2, but the initial direction of the spin vector is rotated by
π/2 (left column) and by −π/2 (right column). (The spatial Boyer-Lindquist coordinate components of the spin vector are
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0.0720 (left column), −0.0720 (right column).
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